An easy lemma is proved which assures the existence of certain dense subsets of ßX on the basis of the existence of similar dense subsets of any compactification of X.
Introduction.
In this paper, we show that, using an easily established property of the Stone extension of a mapping, it is possible to find dense sets in the Stone-Cech compactification ßX of a space corresponding to dense sets in any other compactification X . Using this device, we obtain several new results, and some greatly simplified proofs of known results.
For example, we show that if X is a separable metric space, then every dense subset of ßX is separable. We also show that ßX is separable if and only if X has any separable compactification, and use this result to obtain a nonseparable space X such that ßX is separable. In addition, we obtain conditions ensuring that ßX has the Blumberg property.
2. The basic lemma. All given spaces are assumed to be completely regular and Hausdorff. If X is any such space, we denote its Stone-Cech compactification, as usual, by ßX. If X is any compactification of X, i : ßX-»X will denote the (unique) continuous extension from ßX onto X of the identity map i: X->X.
Lemma.
Lez* X be any compactification of X. Then a set D is dense in ßX if and only if i (D) is dense in X .
Proof. Suppose z'*(D) is dense in X . Then i (cl^D) is a compact subset of X* containing a dense subset, and is hence all of X . It follows that X C cl^D and, hence, cl^D = ßX; i.e., D is dense in ßX.
The converse is immediate.
Dense-separable spaces.
A space is called dense-separable if every dense subset is separable.
3.1. Theorem. The following conditions on X are equivalent:
(ii) Every compactification of X is dense-separable.
(iii) X has a dense-separable compactification.
Proof, (i) implies (ii). Let D be a dense subset of a compactification X of X. By 4.3. Theorem. // the space X has a compactification X such that every dense subset of X is Baire, then every dense subset of ßX is Baire.
Examples.
We denote the real numbers by R, the rationals by Q, and the integers by N.
5.1.
Example (see also [2] Further, since X is dense in ßQ, X is separable (Example 5.1). In fact, since X has a dense-separable compactification, namely ßQ, ßX is dense-separable.
Question. Is there a separable space which is the union of more than 2 pairwise disjoint copies of ßN\N?
